Let J 5 denote the Jacobian of the Fermat curve of exponent 5 and let K = Q(ζ 5 ). We compute the groups J 5 (K), J 5 (K + ), J 5 (Q), where K + is the unique quadratic subfield of K. As an application, we present a new proof that there are no K-rational points on the 5-th Fermat curve, except the so called "points at infinity".
Introduction
Let F 5 denote the complete non-singular curve over Q with projective equation
We denote by J 5 the Jacobian of F 5 . Let ζ 5 be a primitive 5-th root of unity in Q and let K = Q(ζ 5 ). Also let K + denote the unique quadratic subfield of K. As Faddeev ([2] ) has shown, the group J 5 (K) of K-rational points of J 5 is finite. In this paper, we will determine the structure of this group, as well as of its subgroups J 5 (K + ) and J 5 (Q).
There are 15 points (X, Y, Z) on F 5 for which one of X, Y , Z is 0, namely the points a j = (0, ζ j 5 , 1), b j = ( ζ j 5 , 0, 1), c j = ( ζ j 5 , 1, 0), where = e πi/5 , ζ 5 = 2 and 0 ≤ j ≤ 4. These points will be called the points at infinity on F 5 .
Let J ∞ 5 be the subgroup of J 5 consisting of those divisor classes of degree 0 which contain a divisor supported on the points at infinity. Rohrlich ([7] ) has completely determined the structure of the group J ∞ 5 . It is isomorphic to (Z/5Z) 8 . The main result of this paper is:
Proposition. In the above notation, we have J 5 (K) = J ∞ 5 . As a result of this proposition, we will also deduce: Remark. It should be noted that Fermat's Last Theorem for the exponent 5 is implied by Corollary 3.
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2. The 5-primary part of J 5 (K)
In this Section, we will determine the 5-primary part of J 5 (K). Let σ, τ be the automorphisms of F 5 given by
The curve F a,b is defined over Q and has the affine singular equation
It has a birational automorphism given by (x, y) → (x, ζ 5 y), which induces an endomorphism of J a,b , which will also be called ζ 5 . Now consider the element π = ζ 5 − 1 of End(J a,b ).
In this Section, we will concentrate on J 1,3 only and for simplicity of notation, we will write J = J 1,3 . Let Q be a π 2 -division point on J which is not a π-division point. We also assume that the complex conjugate of Q equals −Q. Then Lim ([6]) has shown that J 5 is isomorphic to J 2 × B over K, where B is the abelian variety which is the quotient of J by the subgroup generated by (1 +3π)Q. Let φ : J −→ B be the corresponding isogeny (defined over K), with kernel equal to (1 + 3π)Q . Now, 5 does not divide the class number of K + ; therefore, by Greenberg's result (see [3] ), the 5-primary part of J(K), denoted by (J(K)) 5−power , equals the kernel of the isogeny π 3 of J. We write the kernel of π 3 as J[π 3 ]. So we only need to determine (B(K)) 5−power . We will prove the following two lemmas:
Lemma 2. (J 5 (K)) 5−power = J ∞ 5 . We will prove both lemmas together. We proceed as follows: Let D 0 be a point in B(K) of exact order 5 r , for some non-negative integer r. Let σ be in Gal(K/K). Lift to a point D in J. Since D 0 is defined over K, we have D σ − D = a(1 + 3π)Q, for some integer a.
Then π 2 D σ − π 2 D = 0, because Q is a π 2 -division point. Now π σ = π; therefore (π 2 D) σ = π 2 D. This is true for all σ in Gal(K/K); therefore π 2 D is in J(K). Also, 5 r D 0 = 0, so 5 r D is in (1 + 3π)Q ; hence 5 r π 2 D = 0. Therefore, π 2 D is in (J(K)) 5−power . By Greenberg's theorem ( [3] ), we get that π 2 D is killed by π 3 ; hence r ≤ 1 and D is in J[π 5 ]. We have thus proved:
By claim 1, we get 5φ(D) = 0, so 5D = a(1 + 3π)Q, for some integer a. Then 5πD = aP , where P = πQ.
Observe that J[π 4 ] = J [5] ; therefore 5πD = 0, hence aP = 0. Since Q is not a π-division point, we get that 5 divides a, hence 5D = 0. This means that D is in J[π 4 ], a contradiction. Therefore, we have proved:
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; therefore, by [4] , we have πD σ = (πD) σ = πD. Hence aP = 0, so, since Q is not a π-division point, we get that 5 divides a, so D σ = D. This being true for all σ in Gal(K/K), we conclude that:
Claim 3, together with a cardinality argument, shows that the order of (B(K)) 5−power divides 5 2 .
Therefore, since J 5 and J 2 × B are isomorphic over K, we get that (J(K) 5−power has order dividing 5 8 . On the other hand, Rohrlich ([7] ) has proved that J ∞ 5 is isomorphic to (Z/5Z) 8 . Also, evidently, J ∞ 5 is contained in (J(K)) 5−power . This proves Lemmas 1 and 2.
Non-existence of l-torsion for l = 5
Consider the abelian variety J a,b as in Section 2. Let f 5 (X) be the 5-th cyclotomic polynomial and let J new a,b denote the quotient of J a,b by the abelian subvariety
. Indeed, we have Ker(g − 1)=0 and g 5 = 1 on J a,b ; therefore we get that f 5 (g)J a,b = 0, which proves the claim. Now, using results of Coleman ([1]), we can show:
Claim 5. There is no l-torsion in J a,b (K), for l = 5. Indeed, let l be a prime, l = 5. Suppose T is an l-torsion point on J a,b = J new a,b . By Proposition 10 in [1] , the field extension Q(T )/Q is ramified above l unless l = 2 and J new a,b is ordinary at 2. However, by Corollary 13.1 in [1] , J new a,b is not ordinary at 2 in the case of the Fermat quintic.
Therefore, we deduce that the field extension Q(T )/Q is ramified above l, whenever l = 5 and T is an l-torsion point on J a,b . Since K/Q is unramified above l, the point T can never be K-rational, so the claim follows. Now we can show:
Lemma 3. Let l be a prime, l = 5. Then J 5 (K) has no l-torsion.
Proof. We have an isogeny defined over Q f :
Also letf :
be the dual isogeny. Thenf • f equals multiplication by 5 on J 5 (see for example [5] ). If T is an l-torsion point in J 5 (K), then f (T ) is an l-torsion point in J 1,1 (K) × J 1,2 (K) × J 1,3 (K).
By Claim 5, we get f (T ) = 0; therefore T is in Ker(f ), which is contained in J 5 [5] . Hence, T is also a 5-torsion point; therefore T = 0. This proves Lemma 3.
The proposition of the introduction now follows from Lemmas 2 and 3.
Finally, we will compute Ker(f ). Consider the group G of divisor classes of degree 0 on F 5 which are represented by a linear combination of the divisors a j −a 2 , b j −b 2 , c j − c 2 , for j = 2, 0 ≤ j ≤ 4. Then:
Proof. It is evident that G is contained in Ker(f ) and it follows from the work of Rohrlich ([7] ) that G has cardinality 5 6 .
Sincef • f = 5 and the cardinalities of ker(f) and ker(f) are the same, the lemma follows.
4. The structure of J 5 (K + ) and J 5 (Q) Now we will prove Corollaries 1 and 2 of the introduction. Recall that J ∞ 5 denotes the divisor classes of degree 0 on J 5 that can be represented by a divisor supported on the points at infinity.
Rohrlich ([7] ) has shown that every element of J ∞ 5 is represented by a linear combination of the divisors a j − a 2 
So take any divisor D in J 5 (K). By the proposition of the introduction, we can choose a representative D of the form
for integers x j , y j , z j , s, t.
Now K = Q(ζ 5 ) = Q( ). Let α be the generator of Gal(K/Q) given by α( ) = 3 . If D is in J 5 (Q), then we must have that D α − D is principal. But
Now, by Corollary 1 to Theorem 2 of [7] and a tedious calculation (not presented here), we get that
This proves Corollary 1. The proof of Corollary 2 is similar. We only need to replace the automorphism α by the automorphism β given by β( ) = −1 .
The set F 5 (K)
As an application of the proposition, we will now prove Corollary 3. Consider again the curve F 1,3 and the abelian variety J = J 1,3 , as in Section 2. We have the quotient map g : F 5 −→ F 1,3 , which induces a map g * on the divisors of degree 0 and hence a map (also denoted by g * ) g * : J 5 −→ J 1,3 . Similarly, we have the induced pullback map g * on the divisors of degree 0 on F 1,3 and hence a map g * :
It is easy to see that if D is a divisor of degree 0 on F 5 then we have
We have the points P 0 = (0, 0, 1), P 1 = (1, 0, 1) and P ∞ = (1, 0, 0) on F 1,3 . Observe that g(a j ) = P 0 , g(b j ) = P 1 , g(c j ) = P ∞ , for 0 ≤ j ≤ 4. Now if P is a K-rational point on F 5 , which is not a point at infinity, let D be the equivalence class of the divisor P − c 2 . D is in J 5 (K), so, by our proposition, we get that g * (D) is represented by a divisor of degree 0 supported on the points P 0 , P 1 , P ∞ . By [4] , any such divisor is linearly equivalent to a multiple of P 0 − P ∞ . Since g * (P 0 − P ∞ ) = div(X/Z), we conclude that g * (g * (D)) is linearly equivalent to 0. But
which cannot be principal, by Lemma 2.1 of [4] (where we take d = 1 and u = 2).
Final remarks
1. Greenberg has shown ( [3] ) that in the case of the quotient curves F a,b , there exists a positive integer s such that the group J a,b (K) equals the kernel of the isogeny π s of J a,b . As a result of the proposition proved in this paper, we see that this cannot be the case for the Fermat curve F 5 . Indeed, the kernel of the isogeny π of J 5 has cardinality 5 3 , so the kernel of π s has cardinality 5 3s , which can never equal 5 8 .
2. Let ζ 6 be a primitive 6-th root of unity in Q and let P = (ζ 6 , ζ −1 6 , 1) and P = (ζ −1 6 , ζ 6 , 1) on F 5 . Gross and Rohrlich ([4] ) have considered the divisor D = P + P − a 2 − b 2 on F 5 . It is evident that D (not just the divisor class of D) is defined over Q. Then Corollary 2 implies that the divisor class of D is a linear combination of the divisor classes of a 2 − c 2 and b 2 − c 2 . Indeed, a little search shows that D + 2(a 2 − c 2 ) + 2(b 2 − c 2 ) = div(x + y − 1) − div(x + y), where x = X/Z, y = Y/Z.
